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Abstract
Recently, Forti, Paganoni and Smítal constructed an example of a triangular map of the unite
square, F(x, y) = (f (x), g(x, y)), possessing periodic orbits of all periods and such that no infi-
nite ω-limit set of F contains a periodic point. In this note we show that the above quoted map
F has a homoclinic orbit. As a consequence, we answer in the negative the problem presented by
A.N. Sharkovsky in the eighties whether, for a triangular map of the square, existence of a homoclinic
orbit implies the existence of an infinite ω-limit set containing a periodic point. It is well known that,
for a continuous map of the interval, the answer is positive.
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Let I = [0,1] be the unit interval, and C the class of continuous maps I → I . A triangu-
lar map is a continuous map F : I 2 → I 2 of the form F(x, y) = (f (x), g(x, y)). We denote
the class of triangular maps by T . It turns out that T is a special class of two-dimensional
maps, sharing many properties with C. On the other hand, there is a triangular map of type
2∞ with positive topological entropy [5], which is impossible in C. For continuous maps
of the interval there is a long list of about 50 mutually equivalent conditions character-
izing maps with zero topological entropy [6]. Some of them are not applicable but about
30 conditions can be considered for triangular maps. There is a problem formulated in the
eighties by Sharkovsky to find all implications between these conditions in the class T .
Some results can be found, e.g., in [5,1,2,4], or in the recent paper [3]. In particular, the
following was recently proved.
Theorem 1. (Cf. [3].) There is a parametric family {Fα}α∈A of maps in T possessing
periodic orbits of all periods and such that no infinite ω-limit set of any Fα contains a
periodic point.
The main aim of this note is to show that the maps Fα have the following property:
Theorem 2. The family {Fα}α∈A indicated in Theorem 1 contains a map with a homoclinic
orbit.
We give the proof in the next section. It is easy when applying lemma, concerning basic
properties of the maps Fα from Theorem 1. Since the proof of lemma is rather tedious
we postpone it to Section 3. Throughout the text we keep the standard terminology and
notation as in [3].
2. Proof of Theorem 2
Recall the construction of the triangular maps Fα from [3]. We have Fα(x, y) =
(f (x), gα(x, y)), where
f (x) =
⎧⎪⎨
⎪⎩
3x if x ∈ [0, 13 ],
1 if x ∈ [ 13 , 23 ],
3 − 3x if x ∈ [ 23 ,1].
Thus, f has periodic orbits of all periods. It also has a homoclinic orbit
Γ0 = {0} ∪
{
3−n
}∞
n=0, (1)
since
f (1) = 0 and f (3−n−1)= 3−n, for n 0. (2)
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gα(x, y) =
{
(τ ◦ ϕ)(y) if x ∈ [0, 13 ],
(τ ◦ ψα)(y) if x ∈
[ 1
3 ,1
]
,
(3)
where τ , ϕ and ψα are in C; the map ψα depends on a parameter α ∈ A (cf. the next
Section 3).
Lemma. There are α ∈ A, an open interval K ⊂ I , and points p < q in K such that
(i) τ ◦ ϕ is linear and decreasing on K , and p is its fixed point;
(ii) τ ◦ ψα is linear and decreasing on K , and τ ◦ ψα(q) = p;
(iii) there is a sequence {yn}∞n=0 in K with y0 = q such that
τ ◦ ϕ(yn+1) = yn, for n 0, and lim
n→∞yn = p. (4)
To prove Theorem 2, it suffices to show that
Fα(1, y0) = (0,p) and Fα
(
3−n−1, yn+1
)= (3−n, yn), for n 0, (5)
where α and yn are as in lemma since then Γ = {(0,p)} ∪ {(3−n, yn)}∞n=0 is a homoclinic
trajectory of Fα (cf. also (1)). But (5) follows by (2), (3), and the lemma.
3. Proof of lemma
The maps τ,ϕ and ψα in (3) are defined on the Cantor middle third set Q and then
extended linearly to be continuous maps I → I . Here we give an outline, for details we
refer to [3]. It is well known that any point x ∈ Q can be uniquely represented as x =∑∞
i=1 2xi/3i , where xi ∈ {0,1}. The correspondence between x and the related sequence
xi ∈ {0,1} is a homeomorphism between Q and the space {0,1}∞ of all sequences of zeros
and ones with the metric ρ({xi, yi}) = max{1/i; xi 	= yi}. This homeomorphism is order
preserving when {0,1}∞ is considered with the lexicographic ordering. We let 0∞, 1∞, 0k
and 1k denote the sequences of all zeros and of all ones, or the finite blocks of k zeros and
k ones, respectively.
The function τ is defined on Q as the adding machine. Thus, τ(x) is obtained from
the sequence x by adding in base 2 from left to right the sequence 10∞. The function ϕ
is defined on Q by the rule, that it replaces the first zero in any (maximal) block of zeros
by 1. Thus if
x = 1n0 0m11n1 0m2 · · · , n0  0, mi, ni > 0, for i > 0, (6)
then ϕ(x) = 1n0+10m1−11n1+10m2−1 · · ·.
Let {ki}∞i=1 be an increasing sequence of positive integers, and let
α = 1k1 0k21k30k4 · · · ∈ (0,1). (7)
Let ψα map 1∞ to α and, for any x of the form (6), let ψα(x) = α|n0 10m1−1α|n1 10m2−1 · · · ,
where y|k denotes the first k digits of the sequence y ∈ Q, k ∞. Thus, any maximal
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infinite block of ones is mapped onto the block α. Finally, ψα maps any (maximal) block
0k of zeros, k ∞, in the same way as ϕ, i.e., it replaces every first zero by one. The
parametric set A given in Theorem 1 consists of all transcendental numbers (7), for all
possible choices of integers ki .
To prove lemma, let J = [ 19 , 845 ], L = ( 19 , 29 ), and p = 31198 . Thus, ϕ( 19 ) = ϕ(001∞) =
101∞ = 79 , and ϕ( 29 ) = ϕ(010∞) = 1110∞ = 2627 . Since L is contiguous to Q, ϕ is linear
on it, with slope 53 . This yields
ϕ(x) = 7
9
+ 5
3
(
x − 1
9
)
,
1
9
 x  8
45
, and ϕ
(
8
45
)
= 8
9
. (8)
Similarly, τ( 79 ) = τ(101∞) = 01∞ = 13 , and τ( 89 ) = τ(110∞) = 0010∞ = 227 . Since τ is
linear on [ 79 , 89 ] (8) implies
τ ◦ ϕ(x) = 1
3
− 35
9
(
x − 1
9
)
,
1
9
 x  8
45
, and τ ◦ ϕ(p) = p = 31
198
. (9)
This proves (i) of the lemma, for any open K ⊂ J containing p.
To prove (ii) note that ψα( 19 ) = ψα(001∞) = 10ψα(1∞) = 23 + α9 < 79 = ϕ( 19 ), and
ψα(
2
9 ) = ψα(010∞) = 2627 = ϕ( 29 ). Similarly as above, ψα is linear increasing on L hence
ψα < ϕ on L, and ψα(L) ⊃ [ 79 , 89 ]. Since τ is linear decreasing on [ 79 , 89 ] there is an interval
Jα ⊂ L such that τ ◦ ψα is linear decreasing in Jα and ϕ(J ) = ψα(Jα). Let K be the
maximal open interval contained in J ∩ Jα . Obviously, τ ◦ ϕ < τ ◦ ψα on K . This implies
(ii) if ϕ|J is sufficiently close to ψα|Jα , i.e., if α is sufficiently close to 1. The last condition
is satisfied if k1 in (7) is big enough. The property (iii) follows immediately, for α close
to 1.
References
[1] J. Chudziak, Lˇ. Snoha, V. Špitalský, From a Floyd–Auslander minimal system to an odd triangular map,
J. Math. Anal. Appl. 296 (2004) 393–402.
[2] G.-L. Forti, L. Paganoni, J. Smítal, Dynamics of homeomorphisms on minimal sets generated by triangular
mappings, Bull. Austral. Math. Soc. 59 (1999) 1–20.
[3] G.-L. Forti, L. Paganoni, J. Smítal, Triangular maps with all periods and no infinite ω-limit set containing
periodic points, Topology Appl. 153 (5–6) (2005) 818–832.
[4] Z. Kocˇan, The problem of classification of triangular maps with zero topological entropy, Ann. Math. Sile-
sian. 13 (1999) 181–192.
[5] S.F. Kolyada, On dynamics of triangular maps of the square, Ergodic Theory Dynamical Systems 12 (1992)
749–768.
[6] A.N. Sharkovsky, S.F. Kolyada, A.G. Sivak, V.V. Fedorenko, Dynamics of One-Dimensional Mappings,
Mathematics and its Applications, Kluwer Academic, Dordrecht, 1997 (in Russian in 1989).
